.N / and S new 2k .N / are isomorphic as modules over the Hecke algebra. Later he gave a formula for the product a g .m/a g .n/ of two arbitrary Fourier coefficients of a Hecke eigenform g of halfintegral weight and of level 4N in terms of certain cycle integrals of the corresponding form f of integral weight. To this end he first constructed Shimura and Shintani lifts, and then combining these lifts with the multiplicity one theorem he deduced the formula in [2, Theorem 3]. In this paper we will prove that there is a Hecke equivariant isomorphism between the spaces S .p/. We will also construct Shintani and Shimura lifts for these spaces, and prove a result analogous to [2, Theorem 3].
Introduction and statement of results
.N /) for the space of cusp forms of weight 2k on 0 .N / (resp. C 0 .N /). We also denote by S kC 1 2 .N / the space of cusp forms of weight k C 1 2 on 0 .4N /, which have a Fourier expansion P n 1 a.n/q n with a.n/ D 0 unless . 1/ k n Á 0; 1 .mod 4/. Let S kC 1 2 .N / be the subspace of S kC 1 2 .N /, in which the Fourier expansion of each form is supported only on those n 2 Z for which . 1/ k n Á .mod 4N /. For each prime divisor p of N we define S˙; p kC 1 2 .N / as the subspace of S kC 1 2 .N / consisting of forms whose n-th Fourier coefficients vanish for on S kC 1 2 .N / and shows that its .˙/-eigenspace is equal to S˙; p kC 1 2 .N /. Thus we have an orthogonal decomposition S kC 1 2 .N / D S C;p kC 1 2 .N / M S
;p kC
We then observe that S C;p kC 1 2 .p/ D S kC 1 2 .p/:
Let S new 2k .N / be the subspace of newforms in S 2k .N /. We assume that the level N is odd and squarefree. In [1, page 65] Kohnen proved that there is a canonically defined subspace S new kC 1 2 .N / S kC 1 2 .N /, and S new kC 1 2 .N / and S new 2k .N / are isomorphic as modules over the Hecke algebra. Later in [2, Theorem 3] he gave a formula for the product a g .m/a g .n/ of two arbitrary Fourier coefficients of a Hecke eigenform g of half-integral weight and of level 4N in terms of certain cycle integrals of the corresponding form f of integral weight. To this end he first constructed Shimura and Shintani lifts, and then combining these lifts with the multiplicity one theorem [1, Theoerm 2] he deduced the formula in [2, Theorem 3] .
In this paper we will prove in Theorem 1.10 that there is a Hecke equivariant isomorphism between the spaces S C 2k .p/ and S kC 1 2 .p/. We will also construct Shintani and Shimura lifts for these spaces (see Theorems 1.6 and 1.9), and prove in Theorem 1.11 a result analogous to [2, Theorem 3] .
In the following, we introduce Poincaré series, Petersson scalar products, Shintani and Shimura lifts, and develop their properties relavant to our settings. Let H denote the complex upper half plane. If f and g are cusp forms of weight Ä 2 1 2 Z on some subgroup of finite index in .1/ we denote their Petersson product by
Let m be a positive integer such that
.p/ be a Poincaré series such that .p/ be the Poincaré series characterized by
.p/:
Write P k;p;˛D P C k;p;˛˚P k;p;˛2 S kC 1 2 .p/ M S ;p kC 1 2 .p/: Proposition 1.1. Let˛be a positive integer with . 1/ k˛Á 0; 1 .mod 4/.
The motivation of this paper is as follows. In [3] we have shown that the space S kC 1 2 .p/ is spanned by the Poincaré series P C . In [1, 2] Kohnen constructed Shimura lift by making use of the Poincaré series P k;p;˛i n the space S kC 1 2 .p/. So we expect that these Poincaré series P C can be used to find certain space of cusp forms of integral weight corresponding to the space S kC 1 2 .p/ under Shimura and Shintani lifts. Let D be the set of all discriminants, i.e. 
If d 2 D is positive and is not a perfect square, then the group
is infinite cyclic with a distinguished generator g Q which is explicitly described in 
Q .f / is both independent of z 0 2 S Q and a class invariant. For each f 2 S C 2k .p/ and integers D; m satisfying the following condition
we set r
We also define for cusp forms f and g of weight 2k 2 2Z on
f N gy 2k 2 dxdy so that hf; gi 
Then for fixed z, ' k;p .z; / is an element of S kC 1 2 .p/:
Let w p WD w p p;kC 1 2 be the Hermitian involution (with respect to ) on the space S kC 1 2 .p/. We then have a decomposition
.p/ M S ;p kC 1 2 .p/:
.p/;
then for a positive integer m satisfying p − m and
In the case p D 1 and k D 0, cycle integrals of the modular invariant j -function were considered in [6] and their generating function was shown to be a mock modular form of weight 1=2 on 0 .4/. (ii) In [5, 7] cycle integrals of weakly holomorphic modular forms were used to construct modular integrals for certain rational period functions related to indefinite binary quadratic forms.
We have
Alternatively, we can find ' C k;p .z; / by means of Poincaré series as follows. Following [2, (3)], for z; 2 H and 
This gives rise to the following theorem.
Let D 2 D with . 1/ k D > 0 and D Á .mod 4p/. Now we define for each g 2 S kC 1 2 .p/, the D-th Shimura lift
It then follows from (2) that .p/ and a prime r.¤ p/, we have
(ii) Our Shintani lift is Hecke equivariant, i.e. for each f 2 S .p/, up to multiplication. But they are different for oldforms.
(ii) Let S k;p;D denote the Kohnen's Shimura lift [2, (6) ] and g be a newform in S kC 1 2 .p/. Our Shimura lift gjS C and Kohnen's Shimura lift gjS k;p;D are the same up to multiplication. But they are different for oldforms. (iii) Kohnen's results [1] do not give a Hecke equivariant isomorphism between the spaces S C 2k .p/ and S kC 1 2 .p/ while we give it in Theorem 1.10. .p/, Kohnen's results hold only for newforms.
Throughout this paper, given a modular form f we denote by a f .n/, the Fourier coefficient of q n in f . This paper is organized as follows. The proofs of Propositions 1.1, 1.3, 1.4 and 1.5 are given in Section 2. In Section 3 the proofs of Theorems 1.6 and 1.9 are given. In Section 4 and Section 5 we prove Theorems 1.10 and 1.11, respectively.
Proofs of Propositions 1.1, 1.3, 1.4 and 1.5
Proof of Proposition 1.1. We observe that for f 2 S kC 1 2 .p/ and g˚h 2 S kC 1 2 .p/ D S kC 1 2 .p/ L S ;p kC 1 2 .p/, hf; g C hi D hf; gi:
l/e 2 il : We then have for each positive integer l with
so that
which is zero unless . 1/ k˛Á .mod 4p/. This proves the second assertion. To prove the first assertion we observe that
Combining (3) and (4) we get that a P C k;p;˛.
l/ D a P C .l/, from which the first assertion is immediate. Now we prove the third assertion. .mod 4p/, so that P k;p;˛D P C .
Proof of Proposition 1.
as desired.
Proof of Proposition 1.4. For a C 0 .p/-class U of forms Q 2 Q jDjm;p , we define
We then have f k;p .zI U/ 2 S C 2k .p/ and
where Q is any element of U and Q is the stabilizer of Q in .p/:
Thus we obtain that
3 Proofs of Theorems 1.6 and 1.9
Proof of Theorem 1.6. We note that for each positive integer m such that . 1/ k m Á .mod 4p/ and p − m,
Thus we have
by Proposition 1.4; from which the assertion is immediate.
Proof of Theorem 1.9. First we need a lemma.
and
Proof. We observe that
.p/ M S ;p kC 1 2 .p/; from which (6) is immediate. By a similar reasoning one obtains (7). .p/ be the set of oldforms in S kC 1 2 .p/. Let S .p/:
It follows from (12) that the mapˆis surjective. Next we will show thatˆis injective. Indeed if we assumê
.1/, then we have 
Thus for any prime r.¤ p/, one haŝ .p/ to S new kC 1 2 .p/. Now we see that the maṕ
is a Hecke equivariant isomorphism.
Proof of Theorem 1.11
(i) Utilizing Theorems 1.9 and 1.10 we get that for each prime r.¤ p/,
for some j .r/ 2 C. By multiplicity one theorem we have
Comparing Fourier cofficient of q on both sides of (13) we obtain c D c j .jDj/, which proves the assertion.
(ii) We note that for each prime r.¤ p/,
Thus we have 
